The purpose of this work is to study numerically heat transfer and fluid flow characteristics by natural convection
INTRODUCTION
In recent years, considerable research is performed to improve heat transfer enclosures of various shapes by using nanofluids with single nanoscale particles, such as Cu, CuO, Au, Ag, AgO, TiO 2 , Al 2 O 3 , and CNTs, suspended in the base fluid. Examples of these studies are reviewed by Abu-Nada and Chamkha (2010) , Chamkha and Abu-Nada (2012) , Basak and Chamkha (2012) , Tayebi et al. (2013 Tayebi et al. ( , 2016 Tayebi et al. ( , 2017 , Chamkha and Ismael (2013) , Mansour et al. (2014) , Tayebi and Djezzar (2015) , Tayebi and Chamkha (2016) , and Alsabery et al. (2017) .
A combination of two or more than two different types of nanoparticles are suspended in the base fluid known as hybrid nanofluid. The aim is to improve the thermophysical properties of the mixture; when materials of this combined nanoparticles are selected properly, they would strengthen the positive aspects of each other. It is found that metallic nanoparticles, such as copper, aluminum, silver, etc., provide high thermal conductivity. However, the use of these metallic nanoparticles for industrial applications is limited due to the reactivity and stability (Suresh et al., 2011) . On the other hand, ceramic nanoparticles (e.g., alumina) have many favorable properties, such as stability and chemical inertness despite their lower thermal conductivity than metallic nanoparticles. Thus, it is expected that the addition of these metal nanoparticles (e.g., copper) in an alumina-based nanofluid can improve the thermophysical properties and preserve the stability of the global mixture (Suresh et al., 2011) . There are many applications of hybrid nanofluid, such as heat exchangers, heat pipes, electronic cooling, coolant of machines, nuclear plants, solar collectors, thermal storage systems, refrigeration systems, vehicle radiators, etc. Several experimental and numerical research investigations are realized, treating the new technological concept of a hybrid nanofluid. Regarding experimental studies, we can mention Jena et al. (2001) , who have synthesized Cu-Al 2 O 3 hybrid nanoparticles from mixtures of CuO-Al 2 O 3 chemically prepared utilizing the hydrogen reduction technique. Suresh et al. (2011) realized an experimental study to synthesize Cu-Al 2 O 3 hybrid nanoscale particles by the hydrogen reduction technique from the powder mixture of Al 2 O 3 and CuO in 90:10 weight proportions obtained from a chemical route synthesis. Then, they prepared a Cu-Al 2 O 3 /water hybrid nanofluid with different volume fractions from 0.1 to 2%. They indicated that thermal conductivity and viscosity of the hybrid nanofluids increase with the nanoparticles volume fraction. In addition, the viscosity increase is considerably higher than the increase in the thermal conductivity. Nine et al. (2012) carried out a study on synthesized Al 2 O 3 -MWNTs dispersed in water. They prepared 95% of Al 2 O 3 with 5% of MWCNT and 90% of Al 2 O 3 with 10% of MWCNT, and investigated thermal conductivity at different particle fractions. In another study, Nine et al. (2013) synthesized Cu-Cu 2 O (copper/cuprous oxide) water-based hybrid nanofluids. They used the wet ball-milling process to synthesize these hybrid nanoparticles. They observed an increase of thermal conductivity enhancement of 2% when comparing Cu-Cu 2 O/water hybrid nanofluids to those Cu/water nanofluids. Paul et al. (2011) prepared Al-Zn/EG hybrid nanofluids and reported an enhancement in thermal conductivity of 16% for 0.1 volume concentration. Batmunkh et al. (2014) synthesized Ag-TiO 2 nanoparticles using the ball-milling technique and prepared Ag-TiO 2 water-based nanofluids. They measured the thermal conductivity of a hybrid nanofluid using the transient-hot wire method in the temperatures range from 15 to 40°C. Baby and Sundara (2011) prepared CuO/HEG (copper oxide decorated graphene) water-based and ethylene glycol and observed an enhancement in thermal conductivity of 28% at 25°C at 0.05% of volume fraction.
For more about experimental studies of hybrid nanofluids in more detail (synthesis, thermal properties, heat transfer, friction factor, development, applications, etc.), refer to the intensive reviews carried out by Sarkar et al. (2015) and Sundar et al. (2017) .
Regarding numerical studies, only very few numbers of studies were performed in the past that examine heat transfer and fluid flow in enclosures utilizing a hybrid nanofluid as the working fluid. Takabi and Salehi (2014) conducted a numerical investigation on laminar free convection performance in a sinusoidal corrugated enclosure with a discrete heat source on the bottom wall filled by Al 2 O 3 -Cu/water combined nanofluid. They reported improvement of the heat transfer rate of Al 2 O 3 -Cu/water hybrid nanofluid compared to the Al 2 O 3 /water nanofluid with the same volume concentration. Nasrin and Alim (2014) numerically simulated forced convection heat transfer of a water-based suspension of Al 2 O 3 and Cu hybrid nanoparticles inside a riser pipe of a flat plate solar collector. Laminar convection effectiveness of hybrid water-based suspension of Al 2 O 3 /Cu nanoparticles was examined numerically by Takabi et al. (2016) . Labib et al. (2013) numerically analyzed forced convective heat transfer of Al 2 O 3 -CNts/water-based hybrid nanofluids. The results show that combining the CNTs and Al 2 O 3 into water-based fluid successfully enhance convective heat transfer. The increment of the heat transfer coeffcient is 22.8% for (0.05% CNTs + 0.6% Al 2 O 3 )/water hybrid nanofluid compared to 0.05 CNTs/water nanofluid, and 59.86% for (0.05% CNTs + 1.6% Al 2 O 3 )/water hybrid nanofluid compared to 0.05% CNTs-water nanofluids. Devi and Devi (2016) studied numerically 3D Cu-Al 2 O 3 water-based hybrid nanofluid boundary layer flow over a stretching sheet with effecting Lorentz force and Newtonian heating. Recently, Tayebi and Chamkha (2016) numerically investigated heat transfer by natural convection in an annulus between two confocal elliptic cylinders filled with a Cu-Al 2 O 3 /water-based hybrid nanofluid. The inner cylinder is isothermally heated while the outer one is cooled. They reported that Cu-Al 2 O 3 /water hybrid nanofluids granted higher heat transfer rates compared to the Al 2 O 3 /water nanofluids with the same volume fractions. Selimefendigil and Chamkha (2016) numerically investigated the problem of natural convection in an open triangular annular cavity filled with Al 2 O 3 -Cu/water hybrid nanofluid by using the finite element method. They found that the Nusselt number was improved with an increase in the Rayleigh number and the opening ratio and that the effect of the latter on the heat transfer enhancement was more effective for higher Rayleigh numbers. The solid fraction with higher thermal conductivity gave more of an increment in the average Nusselt number.
In most research studies, cavity walls are considered at a constant distribution of temperature or heat flux; whereas in real cases, these thermal boundary conditions exist only rarely. There are several studies dealing with natural convection heat transfer in enclosures filled with conventional fluids (pure fluid with nonuniform temperature distribution (including the sinusoidal temperature distribution) on their walls due to their applications in furnaces, solar collectors, cooling of electronic components, etc. (Tong, 1999; Natarajan et al., 2008; Sarris et al., 2002; Saeid and Yaacob, 2006; Basak et al., 2006; Bilgen and Yedder, 2007; Sathiyamoorthy et al., 2007; Dalal and Das, 2005; Oztop et al., 2011 Oztop et al., , 2012 Cheong et al., 2013) for which the thermally active walls may be subject to a nonconstant temperature distribution due to different effects in the fields.
Considerable work has been done to study heat transfer and fluid flow in cavities subjected to a nonuniform temperature distribution filled with conventional nanofluids (one type of nanoparticles). Oztop et al. (2011) performed a numerical study of heat transfer by natural convection in an enclosure filled with a nanofluid using nonuniform thermal boundary conditions (sinusoidal temperature profiles on one side of the cavity). They compared between Al 2 O 3 and TiO 2 nanoparticles in terms of enhancing heat transfer. Oztop et al. (2012) analyzed fluid flow and heat transfer in an inclined nonuniformly heated square cavity filled with CuO nanofluids using the heatline visualization technique. They found that heat transfer in the cavity increases with volume fraction of nanoparticles, especially at low Rayleigh numbers. Also, the visualization of heatline is successfully adapted to nanoparticle convective flows. Arani et al. (2012) numerically studied mixed convection flow of Cu-water nanofluid inside a lid-driven square cavity under sinusoidal thermal boundary condition on sidewalls. Results show that the heat transfer increases with an increase of volume fraction of nanoparticles and Grashof number at fixed Reynolds number. A numerical study is carried out by Sivasankaran and Pan (2014) to analyze the effects of amplitude and phase deviation of sinusoidal temperature distribution on natural convection flow in a two-dimensional square cavity filled with water-based Al 2 O 3 nanofluid. They reported that the heat transfer rate increases with increasing volume concentration of nanoparticles and the amplitude ratio. In addition, the heat transfer rate behaves nonlinearly with the Rayleigh number and the phase deviation, which attains the maximum at 3π/4. Tayebi et al. (2013) and Tayebi and Djezzar (2015) presented a numerical study of steady laminar natural convective heat transfer and fluid flow in a square cavity filled with Cu-water-based nanofluid. The bottom wall of the cavity is subjected to uniform, sinusoidal, and linearly varying temperatures. The authors, in theirs papers, have shown that the isothermal heating at the bottom wall gives higher heat transfer rate as compared to the sinusoidal and linear temperature distribution. Mahmoudi et al. (2015) examined the natural convection heat transfer in an open cavity with nonisothermal thermal boundary conditions filled with a water-based Al 2 O 3 nanofluid and subjected to a magnetic field in the presence of heat generation or heat absorption using Lattice Boltzmann method. The results showed that the heat transfer increase with the addition of the nanoparticles and their effect is more important for high Rayleigh numbers. Also, the effect of nanoparticles is more pronounced for a heatgeneration condition than for absorption generation. Recently, Tayebi et al. (2016) have investigated numerically the steady natural convection in a square enclosure filled with CNT-water nanofluid with a power-law variation bottom wall temperature using the finite volume method (FVM). It was found that for a given Rayleigh number and a given exponent in the power-law variation temperature, an increase of volume fraction of CNT nanoparticles causes an increase of the mean Nusselt number. Also, for a given volume fraction of CNT nanoparticles, the heat transfer rate increases by increasing Rayleigh number or as the exponent in the power-law variation temperature decreases.
It is clear from the citations above that there is no study that dealt with the nonuniform thermal boundary condition in enclosures filled with a hybrid nanofluid. This present study focuses on the use of a hybrid nanofluid as the new working fluid to numerically study the enhancement of natural convection flow and heat transfer in an enclosure bounded by a left sidewall subjected by a sinusoidal varying temperature. Results will be presented in terms of isotherms, streamlines, and Nusselt numbers for different Rayleigh numbers and volume fraction of nanofluid or hybrid nanofluid.
STATEMENT OF THE PROBLEM
The configuration considered in this study is schematically illustrated in Fig. 1 . It is a two-dimensional square enclosure filled with pure water, Al 2 O 3 /water nanofluid, or Cu-Al 2 O 3 /water-based hybrid nanofluid. The left wall has a sinusoidal temperature distribution, whereas the right one is cold at constant temperature T c . The two horizontal walls of the cavity are adiabatic. The nanofluids used in the analysis are assumed to be Newtonian and incompressible. The base fluid (water) and the solid spherical nanoparticles (Cu and Al 2 O 3 ) are in thermal equilibrium. The Prandtl number is 6.21. The thermophysical properties of the nanofluid are considered constant, except for the density variation, which varies according to the Boussinesq approximation.
The hybrid nanofluid (Cu-Al 2 O 3 /water) is made by taking a mixture of Cu nanoparticles into of Al 2 O 3 /water nanofluid to form the appropriate hybrid nanofluid (see Table 1 ).
The thermo-physical properties of nano-size particles and pure water are given in Table 2 .
MATHEMATICAL FORMULATION
The continuity, momentum, and energy equations given in Cartesian coordinates for the laminar steady-state natural convection in terms of the stream function-vorticity formulation can be written in dimensional form as follows:
Momentum (Vorticity) Equation
Energy Equation
The vorticity is defined as follows:
The effective density of hybrid nanofluid is given by
Thermal diffusivity of hybrid nanofluid is defined as follows: The heat capacitance of hybrid nanofluid is given as
The thermal expansion coefficient of the hybrid nanofluid can be determined by
The effective dynamic viscosity of the hybrid nanofluid given by Brinkman (1952) is
The effective thermal conductivity of the hybrid nanofluid, which for low dense mixtures with microsized spherical particles, according to Maxwell (1881) , is
With
The following dimensionless variables are introduced to convert the previous equations into dimensionless form:
The basic equations are written in the following dimensionless form:
In the above equations, Prandtl number (Pr), and Rayleigh number (Ra), are defined as follows:
The dimensionless boundary conditions are written as follows:
On the left wall (X = 0) :
On the right wall (X = 1) :
On the adiabatic walls (Y = 0 and Y = 1) :
Calculation of the local Nusselt number on the left wall is performed as follows:
The mean Nusselt number is calculated as follows:
COMPUTATIONAL METHODOLOGY
The system of Eqs. (12) and (13) with corresponding boundary conditions is solved the using finite volume method. Equation (14) is solved using the centered difference method. The iterative method used for the numerical solution of resulting algebraic equations is the Gauss-Seidel with an under-relaxation process. The following expression is defined to obtain convergence:
where n + 1 and n are the current iteration and previous iteration, respectively; Φ stands for Ψ, θ, or Ω; i, j refer to space coordinates; ni and nn are the number of grid in the two directions; and ε is the tolerance.
Grid Testing
In the present computational code, several grids were used arbitrarily to determine a proper grid for the numerical simulations and guarantee a grid-independent solution. Table 3 shows the variation of the mean Nusselt numbers of the heater wall according to the number of nodes for each grid for the considered geometry at Ra = 10 5 and 6% of CuAl 2 O 3 /water hybrid nanofluid. On the basis of the results of Table 3 , the grid size (81 × 81) ensures a grid-independent solution.
Code Validation
In order to validate results obtained by the present computational code, we compare our numerical solutions to previous works. In Fig. 2 , we illustrate the mean Nusselt numbers along the hot wall for different Rayleigh numbers Tayebi & Chamkha
FIG. 2:
Comparison of mean Nusselt numbers with those of Oztop et al. (2011) with those values calculated numerically by Oztop et al. (2011) , under the same conditions. For better comparison with this work, Fig. 3 illustrated the streamlines and isotherms obtained by this computational code using the same parameters as those used by Oztop et al. (2011) . It can be seen from Figs. 2 and 3 that both solutions are in very good agreement. In addition, dimensionless temperature profile at Y = 0.5 plane for a cavity filled with regular fluid (air, Pr = 0.71) at Ra = 1.89 × 10 5 is compared to the experimental data of Krane and Jessee (1983) (Fig. 4) . We can see that the present code is in good agreement with the experimental works reported by Krane and Jessee (1983) .
RESULTS AND DISCUSSION
In this numerical investigation, free convection heat transfers in a square cavity heated sinusoidally on the left sidewall filled with pure water, nanofluid, and hybrid nanofluid is studied. A FORTRAN source code is elaborated for solving PDEs that govern the problem by means of a finite volume approach. The results obtained are for different values of volume fraction of both nanofluid and hybrid nanofluid (Table 1) 3 ) the heat transfer mechanism is dominant by conduction. Isotherms are almost parallel and follow the isotherm walls. A main cell in clockwise rotating direction was formed in the center of the enclosure, and two small cells were formed in the top and bottom left corners in a counterclockwise-rotating direction. The circulation magnitudes are very weak due to the domination of the heat transfer conduction mode. By increasing of the Rayleigh number, heat transfer is dominated by convection. The main cell elongates horizontally, and the small cell in the bottom left corner of Fig. 5 disappears. The flow strength increases as can be seen from the values of the stream function. Thermal boundary layer becomes thinner on the isotherms walls, and an upward plume was developed on the center part of the heated wall. It can also be seen from Fig. 5 that, for a given Rayleigh number, the use of hybrid nanofluid instead of nanofluid by the same concentration strengthens the convective flow. This is demonstrated by the magnitude of stream function, which is always greater for the hybrid nanofluid and isotherms, which become more parallel to the right cooled wall of the enclosure.
To show the influence of the of addition of nanoparticles on the thermal and dynamic field, temperature and streamline contours for different volume fractions of nanoparticles and hybrid nanoparticles in the same concentrations at Rayleigh 10 5 are displayed in Fig. 6 . As seen in Fig. 6 , as the volume concentration of both nanoparticles increases, the maximum absolute value of the stream function enhances. The Cu-Al 2 O 3 hybrid nanoparticles expand The best way to show the ability of the nanoparticles to enhance convective flow in the enclosure is the maximum values of stream function in the core of the enclosure. Figure 7 presents the maximum absolute value of stream function as function of volume fractions of nanoparticles and hybrid nanoparticles (in the same concentrations) at different Rayleigh numbers, separately. It can be observed, for low values of Rayleigh (Ra = 10 3 ), the maximum absolute value of the stream function decreases with an increase of the volume fraction of the nanoparticles for Al 2 O 3 /water-based nanofluid; whereas, values of |Ω max | of Cu-Al 2 O 3 /water hybrid nanofluid increase with an increase of the volume fraction of the hybrid nanoparticles. Therefore, in that case we can report that the replacement of hybrid nanoparticles instead of single nanoparticles reinforces the circulation of fluid inside the cavity and improves the convective flow. By increasing Rayleigh numbers, |Ω max | still increases linearly with respect to volume fraction for hybrid nanofluid; however, for Al 2 O 3 nanofluid, |Ω max | made a small break in its augmentation curve for φ = 0.6. It is interesting to note that, for a given φ, the values |Ω max | confirm that the hybrid nanofluid has the most convective flow strength compared to the similar nanofluid.
The distribution of local Nusselt number along the sinusoidal heating wall of the cavity at φ = 0.6 and Ra = 10 5 for regular water, nanofluid and similar hybrid nanofluid is depicted in Fig. 8 . The average Nusselt numbers versus volume fraction of both nanofluid and hybrid nanofluid are displayed in Fig. 9 . According to Fig. 9 , it can be concluded that the enhancement of the heat transfer rate using hybrid nanofluid becomes more considerable at high Rayleigh numbers.
For better comparison, Fig. 10 depicts the variation of the average Nusselt number with the Rayleigh number for regular water, classical alumina nanofluid, and hybrid nanofluid for each value of volume fraction, separately. Results show that for a given value of φ, the mean Nusselt number increases with the Rayleigh number for the three working fluids. (As Rayleigh increases, the thermal boundary layer thickness near the inner heated wall increases, which means that the temperature gradients at the heated wall increase and thus indicates higher Nusselt number and higher heat transfer rate.) For a given Rayleigh number, the highest heat transfer rate is obtained by hybrid nanofluid. As expected, the effect of hybrid nanoparticles is more pronounced at high volume fractions.
CONCLUSION
The present numerical work investigates two-dimensional buoyancy-driven heat transfer and fluid flow of Al 2 O 3 /water nanofluid and Cu-Al 2 O 3 /water hybrid nanofluid, including pure water in an enclosure sinusoidally heated from the left wall. The opposite wall is isothermally cooled. The study is performed for different Rayleigh numbers and different volume fractions of nanoparticles and combined nanoparticles with the same concentrations. The aspect ratio and inclination angle of the cavity are fixed at 1 and 0 deg, respectively. The following points summarize the main findings of this study:
• The use of Cu-Al 2 O 3 /water hybrid nanofluids produces better heat transfer rates compared to the similar Al 2 O 3 /water nanofluid and pure water for different parametric conditions.
• Heat transfer is an increasing function of the Rayleigh number, and the addition of combined nanoparticles (CuAl 2 O 3 ) in water enhances the convective flow inside the cavity compared to a similar water-based nanofluid with a single Al 2 O 3 nanoparticle.
• For this considered problem, the use of a hybrid nanofluid instead of a similar nanofluid gives priority to the buoyant force on the viscosity at low Rayleigh numbers.
• The effect of hybrid nanoparticles is more pronounced at high Rayleigh numbers.
• The maximum values of the local Nusselt number are affected by the presence of both nanoparticles and hybrid nanoparticles.
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